In this paper we study the b-ary expansions of the square roots of the function defined by the recurrence f b (n) = bf b (n − 1) + n with initial value f (0) = 0 taken at odd positive integers n, of which the special case b = 10 is often referred to as the "schizophrenic" or "mock-rational" numbers. Defined by Darling in 2004 and studied in more detail by Brown in 2009, these irrational numbers have the peculiarity of containing long strings of repeating digits within their decimal expansion. The main contribution of this paper is the extension of schizophrenic numbers to all integer bases b ≥ 2 by formally defining the schizophrenic pattern present in the b-ary expansion of these numbers and the study of the lengths of the non-repeating and repeating digit sequences that appear within.
Introduction
Schizophrenic numbers are often defined as a subclass of irrational numbers referred to as zebra numbers, i.e., irrational numbers whose decimal expansion appears to be rational for periods. Delahaye [3, pp. 134-142] enumerates several kinds of zebra numbers, such as √ 10 60 − 1 (a special case of Yéléhada numbers of the form (10 n − 1) 1/k ) whose decimal expansion contains a certain pseudo-periodicity, Robert Israel numbers which are of the form k(n) = 9 121 100 n + 112−44n 121 , which present striking ordered patterns in the decimal expansion for n = 95, and schizophrenic (or mock-rational) numbers.
Darling [1, p. 12 ] defines schizophrenic numbers as square roots at odd n of the function defined by the recurrence f (n) = 10f (n − 1) + n with initial value f (0) = 0 (sequence A014824 in the OEIS). He observes that, unexpectedly, the decimal expansions of the resulting irrational numbers contain strings of repeating digits. He gives the example of f (49): The lengths of the repeating digits progressively become shorter and after a while disappear completely. Brown [2] studies the repeating digits in the decimal expansion of f (n) for odd positive integers n = 2k − 1 and shows that these are closely related to the Taylor expansion of the square root of the recurrence's solution. Moreover, the author gives a short algorithm using this expansion to predict the repeating digit sequences.
In this paper we extend the above description of schizophrenic numbers to integer bases b ≥ 2 by formally defining the schizophrenic pattern found in the b-ary expansion of some irrational numbers. In particular, we study the recurrence defined for positive integers n and b ≥ 2 by f b (n) = bf b (n − 1) + n and initial value f b (0) = 0 and show that the Taylor expansion of the square root of its solution, taken at odd positive integers, allows to construct such schizophrenic patterns in positive integer bases b ≥ 2. An example is the base-8 expansion of f 8 (49): We examine the lengths of the repeating and non-repeating digit blocks that appear within the b-ary expansion of such numbers, which allows us to conclude that these patterns grow in size with n. This in turn gives rise to the definition of a schizophrenic sequence, a monotonically increasing sequence of irrational numbers
. .) whose terms contain a schizophrenic pattern that grows in size with n. We then examine several properties of b m -ary schizophrenic patterns for positive nonzero integer m and examine the relationships between schizophrenic patterns in such bases. Throughout the paper we complement our results with illustrative numerical examples computed using Wolfram Mathematica, and we provide the corresponding Mathematica code in the final section. Note that in the remainder of this paper we shall denote by n b the base-b representation of the number n and all digits greater than 9 shall be denoted by their commonly accepted alphabetic counterparts; thus, 10 is denoted by a, 11 by b, and so forth.
Finally, we would like to mention that the recurrences f b (n) are present in the OEIS as sequences A000340 (for b = 3, n < 25), A014825 (b = 4, n < 24), A014827 (b = 5, n < 22), A014829 (b = 6, n < 21) and A014824 (for b = 10, n < 21).
The schizophrenic pattern
Let n > 0 and b ≥ 2 be positive integers and define the recurrence
with initial value f b (0) = 0. We begin this section by examining the solution of this recurrence and how its square root taken at positive odd integers generates blocks of repeating and non-repeating digits in its b-ary expansion. The solution of the recurrence is easily determined:
Now let n = 2k − 1 for positive integer k > 0. We have
Taking the square root and using the Taylor expansion for the rightmost factor, we obtain
Our aim is now to show that each term in the Taylor expansion above generates a b-ary digit block beginning with a non-repeating digit sequence followed by a repeating digit sequence. Once these blocks are added together, a pattern emerges in the b-ary expansion of f b (2k − 1). Let us now denote by τ l the l th term in the Taylor expansion above, i.e.,
We now examine the various digit contributions that make up the b-ary expansion of τ l . To do this, let us denote τ l1 = (−1) l 1/2 l the l th binomial coefficient in the Taylor expansion and let τ l2 = b k b 2kl and τ l3 = ((2k−1)(b−1)+b) l b−1 , so τ l = τ l1 τ l2 τ l3 . First, it is clear that the b-ary expansion of of τ l will contain an infinitely repeating digit sequence, which is due to the denominator in τ l3 . The contribution of τ l2 shifts the b-ary digits to the right of the radix point. The non-repeating b-ary digit sequence before and after the radix point in τ l is thus contributed by τ l1 τ l3 . The following Lemma establishes the length of this non-repeating digit sequence. Lemma 2.1. Let q denote the exponent of 2 in the denominator of τ l1 and let r be the smallest positive integer such that 2 q divides b r , or 0 if b is odd. Then the non-repeating digit sequence in the b-ary expansion of τ l1 τ l3 has length
Proof. The b-ary expansion of τ l1 τ l3 will have a non-repeating digit block before the radix point, a nonrepeating digit block after the radix point, and a repeating digit block. It is clear that ⌊log b (|τ l1 τ l3 |)⌋ + 1 is the length of the non-repeating digit block before the radix point. The length of the non-repeating part after the radix point is determined by elementary means knowing that the denominator of τ l1 τ l3 will be of the form (b − 1)2 q , for some positive integer q, due to the binomial coefficient. Indeed, if 2 q divides a power of b, this length is equal to the smallest positive integer r such that 2 q |b r . Otherwise (i.e., for all odd b), we set r = 0. The combined length of the non-repeating digit blocks before and after the radix point is thus
Note that in the special case of Brown's "mock-rational number", i.e., when b = 10, we have n = q.
We are now ready to reconstruct the b-ary expansion of f b (2k − 1) using the terms in its Taylor expansion.
Schizophrenic blocks
The purpose of this section is to use the Taylor expansion described above to define the digit blocks that build up the b-ary expansion of f b (2k − 1). As we will show, each such "building block" consists of a nonrepeating digit sub-block followed by a repeating digit sub-block and the concatenation in base b of these building blocks constitutes the b-ary expansion of f b (2k − 1). In this section, we will examine the lengths of these sub-blocks before looking at their contribution to certain properties of schizophrenic patterns. To begin, we have the following definition. Definition 2.2 (Schizophrenic block). Let n > 0, k > 1 and b ≥ 2 be positive integers and define the recurrence f b (n) = bf b (n − 1) + n with initial value f b (0) = 0. We then define a schizophrenic block a block of b-ary digits within the b-ary expansion of f b (2k − 1) beginning with a non-repeating digit block followed by a repeating digit block, related to a single term in its Taylor expansion.
As we have shown earlier, the l th term in the Taylor expansion, i.e., τ l = τ l1 τ l2 τ l3 contributes a nonrepeating digit sub-block followed by a repeating digit sub-block to the b-ary expansion of f b (2k − 1). As we will show below, the corresponding schizophrenic block will be very similar to τ l , with the sole difference of the leading non-repeating digit sub-block whose beginning is altered due to the repeating digit dub-block of the previous ((l − 1) th ) term in the Taylor expansion. In this section we will examine this in detail. Note that in the following, we will refer to the schizophrenic block generated by the l th term in the Taylor expansion of f b (2k − 1) as the "l th schizophrenic block" and denote it by s l . For instance, the first order term in the Taylor expansion related to f 10 (49) generates the following schizophrenic block in its decimal expansion: 0860555555555555555555555555555555555555555555555, it is therefore its 1 st schizophrenic block, starting with a non-repeating sub-block of length 4 and a repeating digit sub-block of length 45. The 2 nd schizophrenic block is 273054166666666666666666666666666666666666666666, with a non-repeating sub-block of length 7 and a repeating sub-block of length 41, and so forth. Note that the digit block before the 1 st schizophrenic block is always composed solely of 1s (in base b), which is due to the denominator in τ l3 . We will now examine the lengths of these sub-blocks and the length of the l th schizophrenic block in more detail. In order to calculate these lengths, we look at the digit contributions of the l th term in the Taylor expansion as well as the contributions of the surrounding schizophrenic blocks. We begin with the length of the non-repeating digit sub-block in the following Theorem. Theorem 2.3 (Non-repeating digit block length). Assume the same notation as in Lemma 2.1, and define the function
where f l is the first digit of τ l1 τ l3 and d l is the repeating digit within the l th schizophrenic block. Then the l th schizophrenic block within the schizophrenic pattern of f b (2k − 1) begins with a non-repeating digit sub-block of length
Proof. Lemma 2.1 establishes that the leading non-repeating digit sequence in the b-ary expansion of the l th term in the Taylor expansion of f b (2k − 1) has length ⌊log b (|τ l1 τ l3 |)⌋ + 1 + r. When we re-constructing the l th schizophrenic block by subtracting the l th term in the Taylor expansion from the sum of the previous terms, we need to account for a possible additional digit appearing in the non-repeating sub-block. We compensate for this additional digit with the function ǫ(l). Note that d 0 is always equal to 1, as the digit block situated before the 1 st schizophrenic block is always composed of a string of 1s in base b.
Using the example of f 10 (49) above, the length of the non-repeating digit block in the decimal expansion of its 1 st schizophrenic block is 4 since ⌊log 10 ( 49×9+10 9×2 )⌋ + 3 = 4 (note that d 0 = 1, f 1 = 2 so ǫ(1) = 1 and r = 1 as it is the smallest positive integer such that 2|10 r ). The rest of the schizophrenic block is composed of a repeating b-ary digit sequence. Before calculating its length, we examine that of the entire l th schizophrenic block in the following Theorem.
Theorem 2.4 (Schizophrenic block length). Assume the same notation as in Theorem 2.3 and denote by λ l the length of the l th schizophrenic block. Then
where ⌊m⌋ denotes the greatest integer less than or equal to m.
Proof. In order to calculate the length of the l th schizophrenic block, we need to consider the sum of the lengths of the previous schizophrenic blocks and the position where the (l + 1) th schizophrenic block begins. The desired length will then be the difference between the latter and the former.
Consider therefore the (l + 1) th term in the Taylor expansion. Clearly, the amount of zeros after the radix point in its b-ary expansion will be 2k(l + 1) minus the amount of digits before the radix point in the digit contribution of this term. Notice that this contribution is equal to the absolute value of τ (l+1)1 τ (l+1)3 . It is now clear that the amount of zeros after the radix point in the b-ary expansion of the (l + 1) th term of the Taylor expansion is 2k(l + 1) − (⌊log b (|τ (l+1)1 τ (l+1)3 |)⌋ + 1).
As with the case of Theorem 2.3, when we re-construct the b-ary expansion of f b (2k − 1) , we need to account for a possible additional digit appearing in the non-repeating sub-block of the (l + 1) th schizophrenic block. In order to compensate for this additional digit, we call upon the function ǫ once more. Thus, denoting the length of the l th schizophrenic block within the schizophrenic pattern of f b (2k − 1) by λ l , we conclude that
Thus in the case of Brown's "mock-rational number" f 10 (49) as described in Section 1, by defining Λ = {λ 0 , λ 1 , . . . , λ n , . . .} its sequence of schizophrenic block lengths, we have Λ = {47, 49, 48, . . .}. To illustrate this, we take the example of λ 1 . We have τ 21 τ 23 = 1/2 2 (49 * 9+10) 2 9 = 2825.01388 . . . and ǫ(2) = 0, therefore λ 1 = 50 × 2 − (⌊log 10 2825.0138 . . .)⌋ + 1) − 47 = 100 − (⌊3.4510 . . .⌋ + 1) − 47 = 49.
Note that here we have denoted by λ 0 the length of the repeating digit block of 1s before the 1 st schizophrenic block. As shown earlier, this block does not contain a non-repeating digit sequence within its b-ary expansion. Note also that the lengths of these schizophrenic blocks is at most 2k.
We now turn our attention to the length of the repeating digit sub-blocks. The following Theorem follows trivially from Theorems 2.3 and 2.4 and is thus given without proof.
Theorem 2.5 (Repeating digit block length). Assume the same notation as in Theorems 2.4 and 2.3. Then the repeating digit sub-block within the l th schizophrenic block has length
We are now ready to define the schizophrenic pattern found in the b-ary expansion of some irrational numbers. In other words, the successive non-repeating and repeating b-ary digit blocks found in the expansion of f b (2k − 1), whose lengths are given by previous theorems in terms of schizophrenic blocks, form its schizophrenic pattern. We illustrate this definition with the following two examples, one for b even and one for odd. We first examine the case b = 8, in particular f 8 (49) which in base 10 yields the following number: The pattern then progressively disappears. We shall now examine several properties of schizophrenic patterns that follow from the results in this section.
Properties
We begin this section with a Corollary derived from the results in the previous section. Proof. The conversion of f b (2k − 1) from the integer base b to another integer base b mi involves regrouping its digits into groups of size m i , then replacing each group with the digit that corresponds to the resulting number in base b mi . The repeating digit blocks will therefore remain repeating as long as 1 < m i ≤ m where m is a positive integer that satisfies ⌊ λmax m ⌋ = 2. Definition 2.6 together with the proof of Corollary 2.7 give rise to the following Lemma. Proof. By Corollary 2.7, the Lemma holds for positive integers m i between j and m. Since f β (2k − 1) contains a schizophrenic pattern in base β = b j , the repeating digits in its β-ary representation are expanded into digit groups of larger size in bases b mi for m i < j. Since these digits are repeating, so are those in bases b mi , m i < j.
We illustrate this with the example of f 3 (49), letting m 1 = 2 and m 2 = 3. This number begins, in base 3, as:
1.1111111111 1111111111 1111111111 1111111111 1111111111 1111101200 2020202020 2020202020 2020202020 2020202020 2011010102 0012001200 0012001200 1200120012 0012001200 1021120020 2112100021 1210002112 1000211210 . . . 3 ×3 24 .
The schizophrenic pattern is apparent. Now examine the representation of the same number in base 3 m1 = 9: In base 9 the number still contains a schizophrenic pattern. Finally, in base 3 m2 = 27:
1.dddddddddd ddddd526k6 k6k6k6k6k6 ja3if 51if 5 1if 51ia7f 6 ml2e97g0ml 2d1n787b7i njjdm13pjq 6ina7hc7k8 . . . 27 ×27 8 .
As we can see the schizophrenic pattern in these bases is preserved. We now turn our attention to sequences of schizophrenic numbers.
Schizophrenic sequences
Let f b denote once more the recurrence defined in Definition 2.6. From our results in Section 2.1, it is clear that f b (2k + 1) contains a schizophrenic pattern in its b-ary expansion that grows in size with k. This observation leads to the following Definition.
Definition 2.9 (Schizophrenic sequence). Let f b (n) = bf b (n − 1) + n be a recurrence with initial value f b (0) = 0 for fixed positive integer b ≥ 2. Then the monotonically increasing sequence of irrational numbers 1) , . . .), in which each term contains a schizophrenic pattern in its b-ary expansion that grows in size with k, is schizophrenic.
We illustrate the above definition with the case b = 5. The sequence S = ( f 5 (7), f 5 (9), . . . , f 5 (23)) begins as follows: Table 1 : Growing schizophrenic patterns in the base-5 expansion of the numbers f 5 (n) n f 5 (n) 7 1111.1102030301340212321423323443031320022421310240 5 9 11111.111010303030100244100302243334320304302441412 5 11 111111.11110003030303000302132433034013044313334032 5 13 1.1111111111044030303030244012441021320101332242102 5 × 5 6 15 1.1111111111110430303030303024241021324410201331002 5 × 5 7 17 1.1111111111111104203030303030302412124410213244033 5 × 5 8 19 1.1111111111111111041030303030303030234430213244102 5 × 5 9 21 1.1111111111111111110400303030303030303023310244102 5 × 5 10 23 1.1111111111111111111103403030303030303030302311402 5 × 5 11
As we can see, the schizophrenic pattern in grows in size with n -the repeating digit blocks increase in length and new blocks are formed containing new repeating digit sequences. The sequence S of irrational numbers is thus schizophrenic.
In the following final section we will present computer code that we used to obtain our results in previous sections.
Mathematica code
As stated earlier, all numerical computations presented in this paper were performed with Wolfram Mathematica 11.1. In this section we present some of the code we used to obtain schizophrenic numbers in various bases. Note that the output generated by Mathematica uses the same notation as this paper for digits greater than 9, i.e., 10 is denoted by a, 11 by b, and so forth.
We begin by defining f b (n) as the function f below using the equation of its solution, f b (n) = b n+1 −b(n+1)+n
We then define another function g in order to display f b (n) in base b with arbitrary precision. In Definition 2.9 we introduced schizophrenic sequences. Our example was the base-5 schizophrenic sequence S = ( f 5 (7), f 5 (9), . . . , f 5 (23)), presented in Table 1 . To obtain the values therein, we used the following one-line code: 
